In this paper, the issue of designing non-fragile H ∞ multivariable PID controllers with derivative filters is investigated. In order to obtain the controller gains, the original system is associated with an extended system such that the PID controller design can be formulated as a static output-feedback (SOF) control problem. By taking the system augmentation approach, the conditions with slack matrices for solving the non-fragile H ∞ multivariable PID controller gains are established. Based on the results, linear matrix inequality (LMI) based iterative algorithms are provided to compute the controller gains. Simulations are conducted to verify the effectiveness of the proposed approaches.
Introduction
Proportional-integral-derivative (PID) controllers are found in almost all areas of control application. It is estimated that more than 90% control loops are of PID type and actually most of them are with the derivative gain set to zero (PI control) (Knospe 2006) . Due to its popularity in industrial applications, many formulations of PID controller gain tuning have been proposed since the past decades (Åström and Hägglund 2006) , and even in recent years. For instance, a methodology for tuning the gains of fuzzy PID controllers is proposed by taking explicitly into account the closed-loop system performance (Gil et al. 2015) . In Jung et al. (2015) , an adaptive PID speed control scheme for permanent magnet synchronous motor drives is developed. For open-flow canal control systems, a gain-scheduled Smith Predictor PIDbased LPV controller is proposed in Bolea et al. (2014) . A neural PID control approach is proposed for robot manipulators with application to an upper limb exoskeleton (Yu and Rosen 2013) . Some novel tuning approaches of fractional order PID controllers for control systems are proposed recently (Fergani and Charef 2016; Bettou and Charef 2009) .
For industrial processes of multivariable nature, sometimes multivariable control approaches must be used to achieve satisfactory performances. This motivates to derive effective approaches to designing PID controllers for multi-inputs multi-outputs (MIMO) systems (Gündeş et al. 2009; Zhang et al. 2012; Wu et al. 2011; Vu and Lee 2010; Bianchi et al. 2008; Zhang et al. 2004) . Decentralised PID controllers which are also referred to as multi-loop PID controllers prevail in multivariable processes because they have the advantage of a simpler structure and, accordingly, require fewer parameters to tune (Palmor et al. 1995) . However, in some situations a decentralised PID controller may fail to achieve a satisfactory performance when loop interaction is significant. Though introducing some decoupling techniques (Wang et al. 1997; Halevi et al. 1997; Wu et al. 2009; Jin and Liu 2014) may improve these situations, it may still fail especially for high-dimensional systems of which loop interactions are severe. In such cases, a centralised PID controller is desirable. As compared with a PID controller of decentralised type, the difficulty for tuning a centralised PID controller lies in much more gain parameters should be tuned because the whole loop inter-
Preliminaries
Consider the following linear continuous-time system:     ẋ
(t) = Ax(t) + Bu(t) + B w w(t) z(t) = Cx(t) + D zu u(t) + D zw w(t) y(t) = C y x(t)
( 1) and a PID controller with a derivative (first-order low-pass) filter:
where x(t) ∈ R n is the state vector, u(t) ∈ R r is the input vector, y(t) ∈ R m is the output vector, A, B, B w ,C, D zu , D zw and C y are system matrices with appropriate dimensions. Matrix T := diag(τ 1 , τ 2 , . . . , τ r ) and τ j > 0 for j = 1, 2, . . . , r, are the time constants. K P , K I , K D ∈ R r×m are gains of the PID controller parameters to be determined. For notational convenience, let
Remark 1. The filter in the PID controllers design provides the advantages of removing the undesired noise components from the measurement signal and compensating for the undesired dynamics in the process (Hägglund 2012) . Proper filtering action is of great significance for the overall performance of the control system, especially when the controller is a PID one, since the structure of this controller has limitations (Romero Segovia et al. 2013; Hägglund 2013) 
. In this paper, the first-order low-pass filter is introduced to the derivative term of the controller as shown in (2).
The objective of the PID controller design is to find a set of gains K P , K I , K D such that the control system fulfills given specifications or performances. Note that inaccuracies and uncertainties occurring in the implementation of a designed controller do exist. It is necessary to consider the gain perturbations of the PID controller parameters, which can be described as ∆K P , ∆K I , ∆K D with respect to K P , K I , K D . Let ∆K = ∆K P ∆K I ∆K D . In this paper, two types of controller gain perturbations will be considered as follows.
1) Norm-bounded additive perturbations:
2) Norm-bounded multiplicative perturbations:
where M i ,M i and N i for i = 1, 2, 3, are known matrices with appropriate dimensions and F i for i = 1, 2, 3, are unknown constant matrices satisfying
Remark 2. The multiplicative perturbation form described in (4) represents controller input perturbation. The dual case:
which corresponds to controller output perturbation, will not be considered in the exposition. However, it can be treated similarly using the system augmentation approach.
The issue of designing non-fragile H ∞ PID controllers (NFHPID) in this paper is addressed as follows.
Problem NFHPID: Design a PID controller:
such that the linear continuous-time system in (1) is asymptotically stable and satisfied:
where ∆K P , ∆K I , ∆K D are the controller gain perturbations defined in (3)- (5), T zw represents the operator of linear continuous-time system in (1) from w(t) to z(t). In order to find K, we can extend the linear continuous-time system with a PID controller to another system by defining a new state vectorx
Thus an extended system is obtained as follows:
with an equivalent PID controller of SOF form:
This SOF control system in (8)-(9) can be rewritten in closed-loop form:
whereÂ =Ā +B(K + ∆K)C y andĈ =C + D zu (K + ∆K)C y . Through this extension, the issue of non-fragile H ∞ PID controller design is reduced to the following problem.
Problem SOF: Design a SOF controller:
such that the closed-loop system in (10) is asymptotically stable and satisfied
where ∆K is the controller gain variation,T zw represents the operator of linear continuous-time system in (10) from w(t) to z(t). Note thatT zw = T zw , and thereby in order to solve Problem NFHPID, it is sufficient to solve Problem SOF. Zheng et al. (2002) ; Lin et al. (2004) ; He and Wang (2006) . For example, in Zheng et al. (2002) 
T is introduced, and the closed-loop system in (10) can be further augmented to give
where
In this augmentation representation, K + ∆K has been separated fromB andC y , and D zu andC y , which makes matrix parameterizing more flexible. Before ending this section, the following proposition and lemma which are useful in the sequel are given. (10) is asymptotically stable and satisfied T zw ∞ < γ, γ > 0.
2) There exists a matrix P 1 > 0 such that
3) There exist matrices P 1 > 0, P 2 > 0 and a sufficiently large scalar α > 0 such that
) and a sufficiently large scalar α > 0 such that (Gahinet and Apkarian 1994) . Then the whole proof can be obtained by using a procedure similar to the proofs of Theorems 1 and 2 in .
Proof. Statements 1) and 2) constitute the well-known Bounded Real Lemma

Remark 4. Statements 3) and 4) in Proposition 1 are the equivalent characterizations for the Bounded Real
Lemma. Note that in these statements, the Lyapunov matrix P 1 has been separated from the system matrices, which may introduce more flexibility for parametrizing K. In particular, Statement 4) is obtained by introducing the slack matrices De Oliveira et al. 1999; Geromel and Colaneri 2006) , which helps reduce the conservatism and improve the solvability of the iterative computation. Therefore, the conditions for the existence of a solution of Problem NFHPID to be presented later are based on Statement 4). Lemma 1. (Xie et al. 1991 ) Given a real symmetric matrix U , real matrices V , W with appropriate dimensions, then
for all X satisfying X T X ≤ I if and only if there exists a scalar µ > 0 such that
Main results
The aim of this paper is to design a non-fragile PID controller for the linear continuous-time system in (1) such that it is stable under the H ∞ performance γ. Hence, the conditions for designing desired non-fragile controllers are obtained in the following theorems.
Theorem 1. For ∆K defined in (3) and (5), Problem NFHPID has a solution if there exist matrices P
1 > 0, P 2 > 0, G i (i = 1, 2, . . . , 6), H j ( j = 1, 2, . . . , 8), L, M, a sufficiently large scalar α > 0 and a scalar ε > 0 such thatΞ (α, M) =   Ξ εξ P 2M ϒ T N T εM T P 2 ξ T −εI 0 N ϒ 0 −εI   < 0 (16) whereM = M 1 M 2 M 3 , F = diag(F 1 , F 2 , F 3 ), N = diag(N 1 , N 2 , N 3 ), Ξ =             Ξ 11 Ξ 12 Ξ 13 P 1 − G T 1 +Ā T H 1Ā T H 2 +C T y L T P 1 − G T 4 +Ā T H 3Ā T H 4C T * Ξ 22B T G 3 + G T 2B w −G T 2 +B T H 1B T H 2 − P 2 −G T 5 +B T H 3B T H 4 D T zu * * Ξ 33 −G T 3 +B T w H 1B T w H 2 −G T 6 +B T w H 3B T w H 4 D T zw * * * −H 1 − H T 1 −2P 2 −H T 6 0 0 * * * −2P 2 −H T 6 0 0 * * * * * −H 7 − H T 7 −H 8 0 * * * * * * −2P 2 0 * * * * * * * −γI             (17) Ξ 11 =Sym(Ā T G 1 − 2αM T LC y ) + 2αM T P 2 M Ξ 12 =Ā T G 2 + G T 1B + 2αC T y L T Ξ 13 =Ā T G 3 + G T 1Bw Ξ 22 =B T G 2 + G T 2B − 2αP 2 Ξ 33 =B T w G 3 + G T 3B w − γI ξ T = −2αM −2α 0 0 I 0 0 0 , ϒ = C y 0 0 0 0 0 0 0
Under this condition, a non-fragile PID controller gain K
Proof. Substituting K + ∆K into (15) and expanding it yield
According to Proposition 1, Problem SOF has a solution if and only if there exist matrices P 1 > 0, P 2 > 0, G i (i = 1, 2, . . . , 6), H j ( j = 1, 2, . . . , 8) and a sufficiently large scalar α > 0 such that (19) holds. Thus now we have to prove (19). It follows from P 2 > 0 and (18) that L = P 2 K. The additive gain perturbations can be compactly expressed as ∆K = M FN . By Schur complement equivalence,Ξ < 0 is equivalent to
It is noted that F i for i = 1, 2, 3, satisfying (5) is equivalent to that F satisfies F T F ≤ I. From Lemma 2 and (20), it can be obtained that
Therefore by observingΣ 11 and Ξ 11 , we havē
This concludes that Problem SOF has a solution which also means that Problem NFHPID has a solution if (16) holds. The proof is completed. The multiplicative gain perturbations can be written as
Then by following a similar line from the proof in Theorem 1, the condition for designing desired non-fragile controllers is obtained as follows. 
Theorem 2. For ∆K defined in (4) and (5), Problem NFHPID has a solution if there exist matrices P
and the number of parameters to find is 3r. 
where p 2 j , l 1 j , l 2 j and l 3 j for j = 1, 2, . . . , r, are scalars, we can design decentralised PID controllers with gains as shown in (24) ).
Illustrative examples
To illustrate the use of the proposed approaches, simulations are conducted on the design of PID controller in this section. Examples 1 is used to verify the effectiveness of our proposed approach and the PID controllers for the system in Zheng et al. (2002) are designed. In Examples 2 and 3, the non-fragility of PID controllers under two types of gain perturbations is verified and comparisons of them are provided as well. For convenience of illustration, matrix T = τI where τ = 0.015915 is used in the simulations. The value of the low-pass filter time constant corresponds to a cut-off frequency of 10 Hz.
Example 1
For the purpose of comparison, we consider and discuss the aircraft (AC) state-space model (Zheng et al. 2002) 
Simulation results on the design of PID controllers for the AC model are summarized in Table 1 . The result solved by the approach of (Zheng et al. 2002 ) is reproduced here as well. For this model, centralised and decentralised PID controllers have been designed by our proposed approaches without perturbations considered. It can be seen from Table 1 that the proposed centralised approach achieves a better performance than the proposed decentralised one. Besides, both our approach (centralised) and the approach of (Zheng et al. 2002) achieve the same performance level γ = 1.0000. It can be observed that many closed-loop poles obtained from their method are very close to the stability boundary which is undesirable. Simulation results have verified the effectiveness our proposed approaches. 
Example 2
In this example, we consider a system which is the longitudinal motion of a VTOL helicopter (HE1) (Leibfritz 2003) (2002)) holds. To verify the non-fragility of PID controllers, gain perturbation parameters are given as follows.
• Norm-bounded additive form:
• Norm-bounded multiplicative form:
Simulation results on the design of PID controllers for the HE1 model are summarized in Table 2 . The result solved by the approach of (Zheng et al. 2002 ) is also provided here. Note that the non-fragile additive and multiplicative PID controllers have their guaranteed H ∞ performance values given by 0.85822 and 0.56273, respectively.
In order to verify the non-fragility of controllers, 50 samples of F i ∈ R for i = 1, 2, 3, are randomly generated from the standard uniform distribution on the interval (−1, 1) . Under the gain perturbations, stability and H ∞ performance results of this model with PID controllers in Table 2 are given in Tables 3  and 4 . Also, the perturbed poles of closed-loop system under additive and multiplicative perturbations are presented in Figures 1 and 2 . It can be seen from Tables 3 and 4 , and Figures 1 and 2 that under the gain perturbations, the PID controllers designed by our proposed approach are always stabilizing but the one designed by (Zheng et al. 2002) is not. Furthermore, from the view of H ∞ performance, the results of PID controllers designed by our proposed approach in Table 3 show that the non-fragile PID controller achieves higher reliability than the nominal PID controller. This is because through our approach, the non-fragile PID controllers have the guaranteed H ∞ performances (shown in Table 2 as bracketed numbers) while the PID controllers designed by the proposed nominal approach and that of (Zheng et al. 2002) do not have.
Example 3
Consider the system (NN17) borrowed from (Leibfritz 2003) as in (1) with the following parameters:
Similarly, the perturbation parameters are given as follows.
• Norm-bounded additive form: M 1 = 0.064950 0.052817
• Norm-bounded multiplicative form:M 1 = 0.019154,M 2 = −0.018656,M 3 = −0.020334, N 1 = N 2 = N 3 = 1.
Since the assumption C y B w = 0 (Assumption 1 in Zheng et al. (2002) ) does not hold for this system, the approach of (Zheng et al. 2002) is not applicable here when the H ∞ performance is considered. For comparative purpose, we use the stabilization approach of (Zheng et al. 2002) to obtain the controller and obtain its nominal performance (guaranteed performance cannot be computed since the assumption C y B w = 0 is not satisfied in their method). Simulation results on our three design conditions and the stabilization approach of (Zheng et al. 2002) are given in Table 5 . Note that for the non-fragile additive and multiplicative PID controllers, the guaranteed H ∞ performances are 14.029 and 14.762, respectively. Also the H ∞ performance value of closed-loop system with PID controller by the approach of (Zheng et al. 2002 ) is 57.692. 50 samples of F i ∈ R for i = 1, 2, 3, are randomly generated from the standard uniform distribution on the interval (−1, 1) . Under the gain perturbations, stability and H ∞ performance results of this model with the PID controllers are shown in Tables 6 and 7 . The perturbed poles of closed-loop system are presented in Figures 3 and 4 .
Simulation results in Tables 6 and 7 , and Figures 3 and 4 show that the PID controllers designed by our proposed approaches are always stabilizing under the gain perturbations. Although the PID controller designed by the approach of (Zheng et al. 2002 ) is always stabilizing under the 50 randomly generated additive and multiplicative perturbations despite stability robustness is not theoretically ensured, the achieved H ∞ performance values are much greater than that of the PID controllers designed by our proposed approaches. From the view of H ∞ performance, the non-fragile PID controllers can achieve smaller values and they are more reliable as compared with the nominal PID controller. In Table 7 , the H ∞ performance values of closed-loop system with PID controller do not vary under multiplicative gain perturbation. This result can be illustrated intuitively by Figure 5 which presents the closed-loop frequency response with PID controller synthesized for tackling multiplicative perturbation. It shows that at frequency 0 rad/s, the peak gain is achieved and is analytically given by
With the values of K I , the H ∞ norm is 11.594 (21.285 dB). It should be noted that the multiplicative perturbation structure in (4) does not affect the H ∞ norm in this example. Furthermore, in order to verify the decentralized PID controllers designed by our approach, we consider the same system as in (25) but with a different output matrix:
Denote this system as the modified NN17 (MNN17) model. Notice that the assumption C y B w = 0 required in (Zheng et al. 2002) is again not satisfied. The perturbation parameters are given as follows.
• Norm-bounded additive form: • Norm-bounded multiplicative form: Simulation results on the decentralized PID controllers are given in Table 8 . The guaranteed H ∞ performances are 7.3206 and 8.2321 for the decentralised non-fragile additive and multiplicative PID controllers, respectively. Similarly, 50 samples of diagonal matrices F i ∈ R 2×2 for i = 1, 2, 3, are randomly generated from the standard uniform distribution on the interval (−1, 1) . Under the gain perturbations, stability and H ∞ performance results of this model with the decentralised PID controllers are shown in Tables 9 and 10 . The perturbed poles of the closed-loop systems are presented in Figures 6 and 7 .
The results in Tables 9 and 10 , and Figures 6 and 7 show that the decentralised non-fragile PID controllers are always stabilizing though the H ∞ performance values of the corresponding closed-loop systems are greater. They have verified the reliability of the decentralised PID controllers designed by our approach. In all, these simulation results indicate that the non-fragile PID controllers have better gain perturbation 
2.0835 rejection performance.
Conclusions
This paper has provided an LMI-based iterative approach for non-fragile multivariable PID controller design. The main idea of proposed approaches is to transform the PID controller design problem into an SOF control problem by extending the original system to an equivalent continuous-time system. Additive gain perturbations and multiplicative gain perturbations have been considered in the PID controller design problem. By virtue of the system augmentation approach, the conditions with slack matrices for solving the multivariable PID controller gains have been established and LMI based iterative algorithms have been provided to solve the conditions. Simulation results and comparison with other approaches have demonstrated the effectiveness and advantages of the proposed approach.
